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In this paper, we study the global existence of solutions for semilinear evolution
equations with nonlocal conditions, via a fixed point analysis approach. Using the
Leray]Schauder Alternative, we derive conditions under which a solution exists
globally. Q 1997 Academic Press
1. INTRODUCTION
In this paper we study the global existence of solutions for initial value
 .problems IVP for short for semilinear equations. More precisely we
consider the IVP
w xx9 t s Ax t q f t , x t , t g 0, b 1 .  .  .  . .
x 0 q g x s x , 2 .  .  .0
 .where A is the infinitesimal generator of a linear semigroup T t , t G 0, in
w x w x .a Banach space X, and f : 0, b = X ª X, g : C 0, b , X ª X are given
functions. The work in nonlocal IVP was initiated by Byszewski. In a
w xrecent paper 1 , Byszewski using the method of semigroups and the
Banach fixed point theorem proved the existence and uniqueness of mild,
strong, and classical solutions of the IVP of the form
x9 t s Ax t q f t , x t , t g 0, b 3 .  .  .   . .
x 0 q g t , . . . , t , x ? s x , 4 .  .  . .1 p 0
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where 0 - t - ??? - t F b, p g N, A is the infinitesimal generator of a1 p
 . w xlinear semigroup T t , t G 0, in a Banach space X, and f : 0, b = X ª X,
 .   ..g t , . . . , t , ? : X ª X are given functions. The symbol g t , . . . , t , x ? is1 p 1 p
used in the sense that in the place of ? we can substitute only elements of
 4the set t , . . . , t . The importance of nonlocal conditions in different1 p
w xfields is discussed in 1 and the references therein.
By using the topological transversality method we prove the global
 .  .existence of a solution of 1 ] 2 .
w x  .It is well known, see, e.g., 4 when A s 0, g s 0 that only the
continuity of f is not sufficient to assure local existence of solutions, even
when X is a Hilbert space. Therefore, one has to restrict either the
function f or the semigroup operator. Usually restrictions on f are
imposed. The function f was assumed to be locally Lipschitz or monotone
 .or completely continuous. Here we assume that T t is compact and the
function f satisfies the following Caratheodory-type conditions, which do
not imply that f is completely continuous:
 . w x  .C For each t g 0, b the function f t, ? : X ª X is continuous,1
 . w xand for each x g X the function f ?, x : 0, b ª X is strongly measur-
able.
 . 1w x.C For every positive integer k there exists h g L 0, b such that2 k
w xfor a.a. t g 0, b
5 5sup f t , x F h t . .  .k
5 5x Fk
The considerations of this paper are based on the following fixed point
 w x.result cf. 2 .
LEMMA 1.1. Let S be a con¨ex subset of a normed linear space E and
assume 0 g S. Let F : S ª S be a completely continuous operator, i.e., it is
continuous and the image of any bounded set is included in a compact set,
and let
 4E F s x g S : x s lFx for some 0 - l - 1 . .
 .Then either E F is unbounded or F has a fixed point.
2. GLOBAL EXISTENCE OF A MILD SOLUTION
5 5In what follows we let X be a general Banach space with norm ? and
A be the infinitesimal generator of a strongly continuous semigroup of
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 .bounded linear operators T t , t G 0, in X satisfying
5 5 v tT t F Me , t G 0 .
for some M G 1 and v g R.
 .  . w xBy a strong solution of the IVP 1 ] 2 on the interval 0, b we mean a
w xfunction x : 0, b ª X which is absolutely continuous whose first deriva-
 .  .   .. w xtive x9 t exists and equals Ax t q f t, x t for a.a. t g 0, b and which
 .satisfies the initial condition 2 .
 .It is known that if T t , t G 0, is a strongly continuous semigroup of
bounded linear operators in X with infinitesimal generator A, then
t
x t s T t x y T t g x q T t y s f s, x s ds, .  .  .  .  .  . .H0
0
w xt g 0, b . 5 .
 .  .Equation 5 is more general than Eq. 1 , and a continuous solution of
 .  .  .5 is called a mild solution of 1 , 2 .
 .  .Now we present the global existence result for the IVP 1 ] 2 .
w x .THEOREM 2.1. Let g : C 0, b , X ª X be a continuous function and
w x  .  .f : 0, b = X ª X be a function satisfying C and C . Assume that:1 2
 . w xHf There exists a continuous function m : 0, b ª R such that
5 5 5 5f t , u F m t V u , 0 F t F b , u g X , .  .  .
w .  .where V : 0, ` ª 0, ` is a continuous nondecreasing function.
 .Hg There exists a constant G such that
5 5g x F G, for x g X . .
 .  .HT T t , t ) 0, is compact.
Then if
` dsb
m s ds - , .ÃH H s q V s .0 c
5 5 .  .   .4  .  .where c s M x q G and m t s max v, Mm t , the IVP 1 ] 2 has atÃ0
w xleast one mild solution on 0, b .
 .  .Proof. To prove existence of a mild solution of the IVP 1 ] 2 we
apply Lemma 1.1. First we obtain the a priori bounds for the mild solutions
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 .  .  .of the IVP 1 ] 2 , l g 0, 1 , wherel
w xx9 t s l Ax t q l f t , x t , t g 0, b . 1 .  .  .  . . l
 .  .Let x be a mild solution of the IVP 1 ] 2 . Froml
t
x t s lT t x y lT t g x q l T t y s f s, x s ds, .  .  .  .  .  . .H0
0
w xt g 0, b
we have
t
v t v t v t yv s5 5 5 5 5 5x t F Me x q Me G q Me e m s V x s ds, .  .  . .H0
0
w xt g 0, b
or
tyv t yv s5 5 5 5 5 5e x t F M x q G q M e m s V x s ds, .  .  . . . H0
0
w xt g 0, b .
 .Denoting by u t the right-hand side of the above inequality we have
5 5 5 5 v tu 0 s M x q G ' c, x t F e u t , 0 F t F b , .  .  . .0
and
yv t 5 5 yv t v tu9 t s Me m t V x t F Me m t V e u t .  .  .  .  . .  .
or
ev tu9 t F Mm t V ev tu t , 0 F t F b. .  .  . .
We remark that
ev tu t 9 s v ev tu t q ev tu9 t .  .  . .
F v ev tu t q Mm t V ev tu t .  .  . .
v t v tF m t e u t q V e u t , 0 F t F b. .  .  .Ã  .
This implies
`ds dsv t b .e u t F m s ds - , 0 F t F b. .ÃH H Hs q V s s q V s .  . .  .u 0 0 u 0
SEMILINEAR EVOLUTION EQUATIONS 683
 .This inequality implies that there is a constant K such that u t F K,
w x 5  .5 w xt g 0, b , and hence x t F K, t g 0, b , where K depends only on b
and on the functions m and V.
w x .Second, we must prove that the operator F : B s C 0, b , X ª B de-
fined by
t
Fy t s T t x y T t g y q T t y s f s, y s ds, .  .  .  .  .  .  . .H0
0
0 F t F b
is a completely continuous operator.
 5 5 4Let B s y g B : y F k for some k G 1. We first show that F mapsk
w xÄB into an equicontinuous family. Let y g B and t, t g 0, b and e ) 0.k k
ÄThen if 0 - e - t - t F b
Ä Ä ÄFy t y Fy t s T t x y T t x q T t g y y T t g y .  .  .  .  .  .  .  .  .  .0 0
t Ät Äq T t y s f s, y s ds y T t y s f s, y s ds .  .  .  . .  .H H
0 0
5 5 5 5 5 5ÄF T t y T t x q g y .  .  . .0
tye Äq T t y s y T t y s f s, y s ds .  .  . .H
0
t Äq T t y s y T t y s f s, y s ds .  .  . .H
tye
Ät Äq T t y s f s, y s ds .  . .H
t
ÄF T t y T t x q G .  .  .0
stye
5 5Äq T t y s y T t y s h s ds .  .  .H H k
0 0
t Äq T t y s y T t y s h s ds .  .  .H k
tye
Ät Äq T t y s h s ds . .  .H k
t
ÄThe right-hand side tends to zero as t y t ª 0 and e sufficiently small,
 .since the compacteness of T t for t ) 0 implies the continuity in the
uniform operator topology.
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Thus F maps B into an equicontinuous family of functions. It is easy tok
see that the family B is uniformly bounded.k
Next, we show FB is compact. Since we have shown FB is an equicon-k k
tinuous collection, it suffices by the Arzela]Ascoli theorem to show that F
maps B into a precompact set in X.k
Let 0 - t F b be fixed and e a real number satisfying 0 - e - t. For
y g B we definek
tye
F y t s T t x q T t g y q T t y s f s, y s ds .  .  .  .  .  .  . .He 0
0
tye
s T t x q T t g y q T e T t y s y e f s, y s ds. .  .  .  .  .  . .H0
0
 .  .  . . 4Since T t is a compact operator, the set Y t s F y t : y g B ise e k
precompact in X, for every e , 0 - e - t. Moreover, for every y g B wek
have
t
5 5 5 5Fy t y F y t F T t y s f s, y s ds .  .  .  .  .  . .He
tye
t
5 5F T t y s h s ds. .  .H k
tye
 . .Therefore there are precompact sets arbitrary close to the set Fy t : y
4  . . 4g B . Hence the set Fy t : y g B is precompact in X.k k
 4`It remains to show that F : B ª B is continuous. Let u : B withn 0
5  .5u ª u in B. Then there is an integer q such that u t F q for all nn n
w x  .   ..   ..and t g 0, b , so u g B and u g B . By C , f t, u t ª f t, u t forn q q 1 n
w x 5   ..   ..5  .each t g 0, b and since f t, u t y f t, u t F 2 g t we have byn q
dominated convergence
t
5 5Fu y Fu s sup T t y s f s, u s y f s, u s ds .  .  . . .Hn n
0w xtg 0, b
b
5 5F T t y s f s, u s y f s, u s ds ª 0. .  .  . . .H n
0
Thus F is continuous. This completes the proof that F is completely
continuous.
 .   .4Finally, the set E F s y g B : y s lFy, l g 0, 1 is bounded, as we
proved in the first step. Consequently, by Lemma 1.1, the operator F has a
 .  .fixed point in B. This means that the IVP 1 ] 2 has a mild solution,
completing the proof of the theorem.
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3. AN APPLICATION
As an application of the above results we give a global existence result
for semilinear integrodifferential equations. More precisely we consider
the following nonlocal IVP
t w xx9 t s A t x t q l t , s f s, x s ds, t g 0, b 6 .  .  .  .  .  . .H
0
x 0 q g x s x , 7 .  .  .0
 .where A t is a linear closed densely defined operator in a Banach space
w x w x w x w x .X, and f : 0, b = X ª X, l : 0, b = 0, b ª R, g : C 0, b , X ª X are
given functions.
 .  .It is known that the IVP 6 ] 7 can be written as a nonlinear Volterra
integral equation
st
x t sW t , 0 x 0 yW t , 0 g x q W t , s l s, t f t , x t dt ds, .  .  .  .  .  .  .  . .H H
0 0
  . 4where W t, s : 0 F s F t F b is a strongly continuous family of evolution
operators on X. We shall make the following assumptions on the evolution
 .system W t, s :
 .  .  .W W t, s g L X , the space of bounded linear transformations on1
 .X, whenever 0 F s F t F b and for each x g X the mapping t, s ª
 .W t, s x is continuous.
 .  .  .  .W W t, s W s, r s W t, r , 0 F r F s F t F b.2
 .  .W W t, t s I, the identity operator on X.3
 .  .W W t, s is a compact operator whenever t y s ) 0.4
 .  . w xSufficient conditions for W ] W to hold may be found in Friedman 3 .1 4
 .  .For the IVP 6 ] 7 we have the following global existence result.
  . 4  .  .THEOREM 3.1. Let W t, s : 0 F s F t F b satisfy W ] W ,1 4
w x .  . w xg : C 0, b , X ª X a continuous function satisfying Hg and f : 0, b = C
 .  .  .ª X be a function satisfying C , C , and Hf . Assume also that1 2
w x w xl : 0, b ª 0, b is a continuous function such that:
 .Hl There exists a constant L such that
< <l t , s F L, t G s G 0. .
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 .  . w xThen the IVP 6 ] 7 has at least one mild solution on 0, b pro¨ided
` dsb t
ML m s ds dt - , .H H H
V s .0 0 c1
Ã Ã5  .5 4 5 5 .where M s sup W t, s : 0 F s F t F b , c s M x q G , and M s1 0
 4max 1, M .
Proof. We apply again Lemma 1.1. In order to apply this lemma we
 .  .must establish the a priori bouns for the solutions of the IVP 6 ] 7 ,l
 .  .  .l g 0, 1 . Let x be a mild solution of the IVP 6 ] 7 . Then we havel
st
5 5 5 5 5 5 w xx t F M x q MG q ML m t V x t dt ds, t g 0, b . .  .  . .HH0
0 0
 .Denoting by u t the right-hand side of the above inequality we have
Ã 5 5 5 5 w xu 0 s M x q K ' c , x t F u t , t g 0, b .  .  . .0 1
and
t t
5 5u9 t s ML m s V x s ds F MLV u t m s ds, .  .  .  .  . .  .H H
0 0
w xt g 0, b .
Then
u9 t . t w xF ML m s ds, t g 0, b .H
V u t . . 0
or
`ds ds . b tu t w xF ML m s ds dt - , t g 0, b . .H H H H
V s V s .  . .  .u 0 0 0 u 0
 .This inequality implies that there is a constant K such that u t F K or1 1
5  .5x t F K . Hence the a priori bounds are obtained.1
 .Moreover using the same method, as in Theorem 2.1 we can easily
prove that the corresponding operator F is completely continuous. This
 .  . w xproves that the IVP 6 ] 7 has at least one solution on 0, b .
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